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Abstract：To investigate the cage stability of high-speed oil-lubricated angular contact ball bearings, a dynamic
model of cages is developed on the basis of Gupta’s and Meeks’ work. The model can simulate the cage motion under
oil lubrication with all six degrees of freedom. Particularly, the model introduces oil-film damping and hysteresis
damping, and deals with the collision contact as imperfect elastic contact. In addition, the effects of inner ring rotational speed, the ratio of pocket clearance to guiding clearance and applied load on the cage stability are investigated
by simulating the cage motion with the model. The results can provide a theoretical basis for the design of ball bearing
parameters.
Keywords：dynamic analysis; high-speed angular contact ball bearing; cage; stability; simulation

In high-speed applications such as jet-engines and
gyros, the instability of rolling bearing elements might
lead to the sudden and catastrophic failure long before the
anticipated fatigue life. This leads to the computational
modeling and simulation of bearing dynamics to predict
the conditions under which such instable motion might
occur. Cage stability is one of the most important factors
affecting the performance and life of rolling bearings.
Thus the investigation of cage instability has received
broad attention.
Ball rolling bearings are the primary choice of high
speed. Many researchers have developed some dynamic
models, and investigated the influencing factors on cage
stability. Walter[1] initially developed an analytical model
for ball bearing. Gupta[2,3] developed a bearing simulation
model ADORE, which is capable of simulating the motion of each bearing element in all six degrees of freedom. By simulating, Gupta investigated the correlation
between cage instability and frictional characteristics of
lubricant besides the effects of cage clearance, dynamic
load and cage unbalance on the cage instability of a solidlubricated ball bearing. Meeks et al[4,5] proposed a dynamic model for the ball bearing in which there are six
degrees of freedom for a cage. Kannel, Boesiger, Kingsbury Tateishi and other researchers made a great deal of

studies on the dynamics of the cage of ball bearings. In
additional, several researchers studied the dynamic characteristics of the cage of cylindrical or tapered roller rolling bearings[6,7].
The cage and balls with six degrees of freedom are
considered in Gupta’s dynamic model, but oil-film damping and hysteresis damping are not considered, and the
contact is assumed as the perfect elastic contact. Although the contact is considered as the non-perfect contact in Meeks’ model, but the motion of ball is constrained. Moreover, Meeks’ model applies to the solidlubricated ball bearing.
In China, the studies of the simulation of rolling
bearings are mostly focused on cylindrical roller rolling
bearings[8-12], and some marked achievements have been
made. By contrast, the studies of angular contact ball
bearings are fewer, and the quasi-dynamic model rather
than three-dimensional dynamic model is used to analyze
the angular contact ball bearings[13,14]. The plane model is
mainly adopted to analyze the dynamics of the cages in
ball bearings[15], while the study of three-dimensional
dynamic model of the cage is few.
The objective of this paper is to develop a dynamic
model of the cage which is applied to oil-lubricated angular contact ball bearings. The model can simulate the mo-
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tion of the cage with six degrees of freedom. Particularly,
the model introduces oil-film damping between balls and
race as well as hysteresis damping acting in a collision,
while it does not introduce the motion constraint of balls.
With the model, the cage stability in an oil-lubricated
angular contact ball bearing will be investigated as functions of inner ring rotational speed, the ratio of pocket
clearance to guiding clearance and applied load.

1

Dynamic analytical model

The deformation δ between the ball and race can be
determined by using Gupta’s method[3]. The Hertzian
stiffness K P is calculated in Ref.[16].
Considering the effect of hysteresis, hysteresis
damping Ch can be obtained by[17,18]
3K Pα eδ 3/ 2
Ch =
2
where α e is between 0.08 and 0.32 s/m for steel or
bronze.
Oil damping Co is calculated by[19]
c

An angular contact ball bearing under oil lubrication
is investigated in this paper. The cage of the bearing is
guided by the outer ring which is fixed in space. It is assumed that the inner ring rotates at a constant speed. Furthermore, the geometries of the bearing elements are assumed to be perfect, the pockets of cage are cylindrical,
and all the mass and geometric centers are assumed to be
coincident.
To establish the dynamic equations of the elements,
it is required to describe the geometric and kinetic characteristics of the elements. Then the interactions between
the elements are computed.
1.1 System description
Various coordinate frames, including an inertial
frame, a cage-fixed coordinate frame, ball-azimuth frame
and local frame, are defined to describe the geometric
and kinetic characteristics of the elements and determine
the interactions between the elements. A vector transformation from a frame to another frame can be accomplished by a transformation matrix which is correlative
with the Cardan angles between two frames[1,3].
1.2 Analysis of forces
The interactions between the bearing elements have
to be investigated for the dynamic model of the cage.
Aiming at a high-speed oil-lubricated angle contact ball
bearing, we developed a dynamic model in which oilfilm damping and hysteresis damping were considered.
So the analysis of several forces in this paper is different
from that in Refs.[2—5].
1.2.1 Interactions between the ball and race
The interactions between the ball and race consist of
the normal force, rolling resistance and tangential friction
force.
The hysteresis damping and oil damping between
the ball and race are considered, and thus the normal
force FbrN is calculated by
FbrN = K Pδ 3/ 2 + (Ch + Co )urN
(1)

c

Co = c1 E ′Rx2G c2W c3U ′c4 (c5 − k c6 e k )Λc8 e − Λ γ c10
7

9

where c1 — c10 are constants described in Ref.[19].
The hydrodynamic rolling resistance FR resulting
from inlet oil film is calculated by[20]
FR = 2.86 E ′Rx2 k 0.348G 0.022U 0.66W 0.47
(2)
where FR conforms to the reverse direction of u .
The friction force can be calculated by integrating
the product of normal stress and traction coefficient over
the contact region. To simplify the calculation, the contact region is divided into several elementary strips which
are parallel to the minor axis of contact ellipse. The friction force μi FbrNi acting on each strip is calculated. After
summing up the forces, the total friction force FbrT at the
contact can be obtained.
(3)
FbrT = ∑ μi FbrNi
i

The friction or traction coefficient is determined by
lubrication regime which is evaluated by the oil film parameter Λ = hc / σ a2 + σ b2 . The calculation of the central
film thickness hc is referred to Refs.[21—23].
The oil-lubricated bearing is investigated in this paper, so the traction of the oil film is considered. Under the
elastohydrodynamic lubrication (EHL), the friction coefficient μhd is time-varying as a function of the slide-roll
ration and other factors. It is calculated by the empirical
formula[24]:
μhd = ( A + Bs) e −Cs + D
where the coefficients A , B , C and D are the function
of normal load, lubricant-inlet temperature, velocity of
two contact objects. The detailed procedure is described
in Ref.[24].
Under the boundary lubrication, the friction coefficient μ bd is[7]

μbd = (−0.1 + 22.28s)e −181.46 + 0.1
1.2.2 Interactions between the cage and ball
The cage is assumed to be a rigid rotor. When there
is interference between the cage and ball, the interaction
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between them is assumed to be a Hertzian contact. Otherwise the interaction is assumed to be purely hydrodynamic without interference[3]. The interaction can be determined by the relative position between the ball and
cage as shown in Fig.1.
With the interference between the cage and ball, the
normal force FbcN is calculated according to the dry contact by
FbcN = K Pδ 3/ 2 + Ch urN
(4)

The azimuth of the point with the minimum clearance or maximum interference in the cage frame is solved
by a globally convergent Newton’s method. Then the
interference between the cage and ring δ ec is obtained.
In the case of δ ec ≥ Δr , the interactions between the
ring and cage are evaluated by the slice technique in order to handle the incline of the cage. The process includes
the following steps: dividing the cage into several thin
disks; judging the amount of the disks in contact with the
With no interference between the cage and ball, the ring; and then computing the interactions between the
normal force is calculated according to Brewe’s isovis- ring and disks. Consequently these local interactions are
integrated to obtain the total ring-cage interaction.
cous-rigid lubrication model of a point contact:
In this case, the normal force between the cage and
U [0.131 arctan(α r / 2) + 1.683] 128α r Rx
FbcN =
the jth disk is calculated by
1 + 2 /(3α r )
hc
(7)
FcrNj = K Lδ j10 / 9 + Ch urNj
(5)
The tangential force between the cage and the jth
disk is
FcrTj = μcr FcrNj
(8)

Fig.1

Relative position of a ball and cage

where μcr is a Coulomb friction coefficient.
If δ ec < Δr , the interactions between the cage and
ring can be evaluated according to the short journal bearing model. The forces and moment are obtained by[25]
η ul 3ε 2
Fcr1 = − 2
(9)
c (1 − ε 2 ) 2
Fcr2 =

πη ul 3ε
4c 2 (1 − ε 2 )3/ 2

(10)
Because the slide between the cage and ball is large,
the friction coefficient between the ball and cage is as2πη vRcr2 L
(11)
M
=
cr
x
sumed to be a constant μbc . Thus the tangential friction
c
force is
In the above three-dimensional mechanical model of
FbcT = μbc FbcN
(6) the cage and ball, the time-varying traction forces of lu1.2.3 Interactions between the cage and outer ring
bricant are considered, meanwhile oil-film damping beThe hypotheses of the cage-ball interactions are used tween the balls and race as well as hysteresis damping
to define the cage-ring interactions shown in Fig.2. It has acting in a collision are introduced. The model better corto be done first to analyze whether there is a contact be- responds with the actual conditions.
tween the ring and cage. If there is a contact, the force is 1.3 Dynamic differential equations
calculated according to the Hertzian contact, otherwise
Based on Newton’s law of motion, the translational
the force is calculated according to the short journal bear- motion of the cage mass center can be written in the Caring model[25].
tesian coordinates as
⎧ mc 
xc = ∑ Fcx
⎪

⎨mc yc = ∑ Fcy
⎪ m 
⎩ c zc = ∑ Fcz

(12)

The differential equations for the rotational motion
of the cage around its mass center can be described by the
classical Euler equations of motion as

Fig.2
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Cage-ring interactions

⎧ I1ω c1 − ( I 2 − I 3 )ωc2ωc3 = ∑ M c1
⎪
⎨ I 2ω c2 − ( I 3 − I1 )ωc1ωc3 = ∑ M c2
⎪ I ω − ( I − I )ω ω = M
∑ c3
1
2
c1 c2
⎩ 3 c3

(13)
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where M c1 , M c2 and M c3 are the components of various
applied moments in the cage-fixed coordinate frame.
The orientation of the cage is tracked by defining the
orientation of the cage-fixed frame relative to the inertial
frame through Cardan angles. The relationship between
Cardan angles and angular velocity and acceleration can
be found in Refs.[1] and [3].
In the cylindrical system of the inertial frame, Newton’s equations of motion of a single ball mass center is
⎧mb 
xb = ∑ Fb x
⎪⎪
(14)
r − mb rθ 2 = ∑ Fb r
⎨mb 
⎪


⎪⎩mb rθ + 2mb rθ = ∑ Fbθ
In the ball-azimuth frame, Euler equations of motion
of a single ball is
⎧ I bω1 = ∑ M 1
⎪⎪
(15)
⎨ I bω 2 − I bω3θ = ∑ M 2
⎪

⎪⎩ I bω 3 + I bω2θ = ∑ M 3
In this paper, the inner ring of the bearing rotates at
a constant angular velocity, and the overturning moment
and variable torque are not considered, so only three differential equations for the translational motion of the inner ring, which are the same as Eq.(12), are taken into
account.
1.4 Solving procedure of the dynamic model
The basic steps of solving the dynamic model are
shown in Fig.3. The initial conditions for the integration
of the differential equations of motion are first determined from the geometric constraints and kinetic conditions by a quasi-static analytical model. Then the local
interactions between the bearing elements are identified
depending on the relative position and relative motion of
the elements, thus the applied forces and moments are
obtained by Eqs.(1)—(11). After that, the total forces
and moments are determined. Finally, the differential
equations are integrated with the fourth-order method

which can vary step size automatically. Then the realtime position and velocity variables of the cage are obtained.
1.5 Verification and comparison
A classic ball bearing, the cage mass center orbit of
which was measured and simulated by Gupta, was considered to verify the dynamic analytical model developed
in this paper. The parameters of the bearing are listed in
Tab.1, and more data are described in Ref.[3]. The cage
mass center orbits obtained through the experiment and
simulation are shown in Fig.4.
Tab.1

Geometries of the bearing for verification

Parameter
Bearing inside diameter/mm
Bearing outside diameter/mm
Ball diameter/mm
Number of balls
Contact angle/(°)
Cage guide surface
Inner race curvature factor
Outer race curvature factor
Cage-ring guiding diametrical clearance/mm
Pocket clearance/mm

Value
100
180
19.05
18
25°
Outer ring
0.54
0.52
1.460 5
0.863 6

(a) Orbit measured by Gupta

(b) Orbit predicted by Gupta

Fig.3

Solving procedure of the dynamic model

Fig.4

(c) Orbit predicted by the model in this paper

Cage mass center orbit at 10 000 r/min
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From Fig.4, it is seen that the orbit simulated by the
model developed in this paper is in reasonable agreement
with the experimental orbit. The orbit is under steady
condition. The small differences in the orbit radii, as
Gupta remarked, are probably due to the uncertainty of
the clearance between the cage and ring[3]. The orbit
simulated by Gupta does not reach a steady state because
there are a limited number of circles in the process. It is
proved that the capability of the model developed in this
paper to predict the motion of cage is desirable, and it is
feasible and reliable to analyze the dynamic performance
of the cage by the model.
1.6 Instability criterion of the cage
Since instable orbits correspond to erratic motion,
the translational speed of the cage mass center can be
used as a quantitative criterion for cage stability. For stable operation, the cage mass center orbit is almost circular, and very small variations in speed are observed,
while large variations correspond to erratic operation[6].
In the following section, we will discuss the cage stability
which is affected by inner ring rotational speed, the ratio
of pocket clearance to guiding clearance and applied
load. The criterion of the cage instability in Ref.[6] is
introduced for the discussion in this paper. The degree of
instability of cage is defined as the ratio of the standard
deviation of the cage center translational speed to its
mean value, i.e., the speed deviation ratio. The smaller
value of the ratio corresponds to more stable cage motion.

2

state from the initial state. Therefore, we investigated the
data of simulation from the 25th to the 45th shaft revolution. The effects of various parameters on the cage stability are estimated by analyzing the data.
We normalized the radial and axial positions of the
cage with the guiding clearance between the cage and the
outer ring in the following section.
2.1 Effect of inner ring rotational speed on cage
stability
Fig.5 and Fig.6 show the orbits and speed deviation
ratio of the cage mass center at various inner ring rotational speeds when the axial load is 100 N. In these cases,
all the cage mass center orbits are almost circular and
regular, which means the cage is stable. However, in
Fig.6 there is still a small fluctuation in the cage center
translational motion, indicating that there are some collisions between the balls and cage or between the race and
cage. When the inner ring rotational speed is higher than
30 000 r/min, the speed deviation ratio of the cage decreases, and the stability increases with increasing inner
ring rotational speed. When the speed is high, the geometric coupling between the cage and ball is high, and
thus the collision reduces and the variation in the speed
of the cage mass center is small.

Simulation results

(a) n =20 000 r/min

(b) n =30 000 r/min

The geometries and mass parameters of the highspeed angle contact ball bearing investigated in this paper
are shown in Tab.2. The bearing is lubricated with aviation lubricant. It takes a period of time to reach a steady
Tab.2

Bearing geometries and mass parameters

Parameter
Cage outside diameter/mm
Cage inside diameter/mm
Cage pocket diameter/mm
Cage mass/g
Cage width/mm
Cage-ring guiding radial clearance/mm
Bearing bore/mm
Bearing outside diameter/mm
Pitch diameter/mm
Inner race curvature factor
Outer race curvature factor
Number of balls
Ball diameter/mm

—24—

Value
34.25
29.15
6.7
15.7
11.40
0.25
20
42
31
0.53
0.55
12
6.35

Fig.5

Fig.6

(c) n=40 000 r/min

(d) n=50 000 r/min

Cage mass center orbits at various inner ring
rotational speeds

Cage instability at various inner ring rotational speeds
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2.2

Effect of cage pocket clearance and guiding
clearance on cage stability
The effect of the clearance ratio on cage stability
was investigated. The clearance ratio c is defined as a
ratio of the cage pocket clearance to the guiding clearance between the cage and the outer ring. The pocket
clearance varies while the guiding clearance between the
cage and the outer ring remains unchanged at the inner
ring rotational speed of 30 000 r/min when the axial load
is 100 N.
Fig.7 and Fig.8 show the orbits and speed deviation
ratio of the cage mass center for various clearance ratios.
The orbits are regular for clearance ratio less than 1. The
speed deviation ratio increases with the increase of the
clearance ratio. If the clearance ratio is more than 1, the
cage mass center orbit becomes irregular, and cage instability rises. Therefore, a large clearance ratio is not suitable for the stable motion of the cage. This is because
there are more offset spaces for the balls if the clearance
ratio is greater than 1, and the randomness of collisions
between the cage and balls increases. Meanwhile, the
cage might collide with the outer ring, and a large friction
is introduced. Then the cage orbit becomes irregular, and
the speed deviation ratio becomes large.

2.3

Effect of axial load on cage stability
It is assumed that the bearing operates only under an
axial load Fa when the inner ring rotational speed is
30 000 r/min. For the axial loads of 50 N, 100 N, 200 N,
300 N and 500 N, the cage orbits and speed deviation
ratios are shown in Fig.9 and Fig.10. It is seen that the
cage orbits are regular in all the cases, while cage stability is enhanced with the increase of axial load. The large
axial load restricts the slide of balls and makes the ball
operate stably, thus the collision between the ball and
cage reduces. Therefore, loading an appropriate axial
force on an angular contact ball bearing is required to
keep the cage motion stable. However, the axial load can
not be too large, in that case the excessive friction and
wear would take place.

(a) Fa = 50 N

(c) Fa = 300 N
(a)

(c)

Fig.7

c =0.4

c =1.2

(b)

c =1.0

(d)

Fig.9

c =1.5

(d) Fa = 500 N

Cage mass center orbits under various axial loads

Fig.10

Cage mass center orbits for various clearance ratios

(b) Fa = 200 N

Cage instability under various axial loads

2.4

Fig.8

Cage instability for various clearance ratios

Effect of damping on cage stability
The coefficient α e is an important factor to define
the magnitude of damping. The larger α e , the more powerful damping. Fig.11 shows the effect of α e on cage
stability. Cage stability becomes better with the rise of
α e , i.e., large damping is beneficial to cage stability. In
addition, the introduction of damping makes it quicker to
solve the dynamic equations.
—25—
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Ch —hysteresis damping;

Co —oil damping;

E' —equivalent elastic modulus;
F —applied force;
Fcx , Fcy , Fcz —components of applied force on the cage;
Fb x , Fb r , Fbθ —components of applied force on the ball in the cylindrical

inertial frame;
G —dimensionless material parameter, G = α E' ;

Fig.11

3

Cage instability at various values of α e

Conclusions

In this paper, aiming at the cage stability of highspeed oil-lubricated angular contact ball bearings, a dynamic analytical model of the cage is developed. In the
model, an empirical formula is employed to calculate the
traction coefficient of lubricating oil. The model also introduces oil-film damping between the balls and race as
well as hysteresis damping acting in the collision.
The cage motion in an oil-lubricated angular contact
ball bearing was analyzed for various operating conditions and geometric parameters by the model developed
in this paper. The effects of the operating conditions and
geometric parameters on cage stability are as follows.
(1) The cage mass center orbit is almost circular at
high inner ring rotational speed under an axial load. The
cage instability decreases with the increase of the inner
ring rotational speed.
(2) The cage instability is enhanced when increasing the pocket clearance. Particularly, when the ratio of
the pocket clearance to the guiding clearance is more than
1, the cage instability is enhanced sharply, and the cage
mass center orbit becomes irregular. This trend is similar
to what Gupta showed for a solid-lubricated bearing.
Thus, for the cage in an oil-lubricated bearing, the ratio
of the pocket clearance to the guiding clearance also has
a close relation to the cage stability.
(3) The large axial load benefits steady motion of
the cage, but it also reinforces friction and heating in the
bearing. Therefore, it is necessary to apply appropriate
axial loads to bearing design.
(4) The larger the damping, the more stable the motion of the cage.
The six-degree-of-freedom dynamic model can be
used in parameter optimization design of angular contact
ball bearings.
Nomenclatures
c —radial guiding clearance;
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hc —central film thickness;
I1 , I 2 , I 3 —principal moments of inertia of the cage;

I b —principal moment of inertia of the ball;
L —width of the guiding land of the cage;
l —width of the line contact;
k —ellipticity ratio;
K P —Hertzian stiffness of point contact;
K L —Hertzian stiffness of line contact, K L = 0.356E'l 8/ 9 ;

M —applied moment;
M cx —shear torque of oil;
mb —mass of a ball;

mc —mass of the cage;
Rcr —guided radius of the cage;

Rx , Ry —equivalent curvature radii along the minor and major axes of
contact ellipse;
s —slide-roll ratio, s = (ua − ub ) u ;

u —mean velocity;
ua , ub —surface velocities of two mating ellipsoids a and b;
urN —normal component of relative velocity;
U —dimensionless velocity parameter, U = η0u /( E'Rx ) ;

U ′ — U ′ = 2U ;
v —relative velocity;
W —dimensionless load parameter, W = w / E'Rx2 ;
w —normal load;
xc , yc , zc —position components of the cage;
xb , r , θ —position components of the ball in the cylindrical inertial —

frame;

α —viscosity-pressure coefficient;
α e —coefficient relevant to the coefficient of restitution;
α r —radius ratio, α r = Ry / Rx ;

γ —surface pattern parameter;
Δ r —critical clearance;

δ —elastic deformation;
ε —eccentric ratio;
η0 —dynamic viscosity at atmospheric pressure;

Λ —oil film parameter;
μ —friction coefficient;
μ bd —friction coefficient under boundary lubrication;

μhd —friction coefficient under EHL;
σ a , σ b —surface roughness of bodies a and b;

φT —thermal correction factor of the oil film;
ω —angular velocity.
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